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Abstract 

O 

In this paper, we consider a family of twists of a superelliptic curve over a global field, and obtain 
results on the distribution of the Mordell-Weil rank of these twists. Our results have applications 
q , to the distribution of the number of rational points. 

o 

! 1. Introduction 

By Faltings' theorem, a (smooth complete geometrically irreducible) curve over a number field has finitely 
■ many rational points. By I CJB97L it is widely believed that the number of rational points of a curve of genus 

> 1 over a number field K is bounded in terms of the genus of the curve. In IMaz86l . prior to ICJB97L Mazur 
asked whether the number of rational points can be bounded in terms of the genus and the Mordell-Weil rank 
of its Jacobian variety. For the case of twists of curves, in [Sil93], Silverman proves that Mazur's question 
has a positive answer. However, for general cases, this question is totally open. 

By Silverman's result, given a curve of genus > 1 over a number field, finding infinitely many twists 
with a bounded number of rational points becomes a problem of finding infinitely many twists with bounded 
Mordell-Weil rank. Even for special cases such as Thue equations (see ILT02ID . an answer to this problem 
is sometimes not known. For the case of elliptic curves, by Kolyvagin's result [K0I88] and the modularity 
of elliptic curves proved by Wiles et al, results such as [OC98|, in which quadratic twists with analytic 
rank are computed, imply that given an elliptic curve over Q, there are infinitely many quadratic twists 
with Mordell-Weil rank 0, i.e., algebraic rank 0. There are also results of this type such as Heath-Brown's 
[HB94], [Won99| and [Yu03] which rather directly show that there is a "positive proportion" of algebraic 
rank-0 quadratic twists of certain elliptic curves. 

In this paper, we consider a family of twists of superelliptic curves over a global field, and prove that for 
these twists, the problem of finding infinitely many twists with bounded Mordell-Weil rank has a positive 
answer and, hence, there are infinitely many twists with bounded number of rational points if the genus > 1 . 
Some Thue equations can be mapped down to superelliptic curves considered in this paper and, hence, for 
^ ■ these Thue equations, this problem has a positive answer. For the case of superelliptic curves over a constant 

field and the case of hyperelliptic curves over Q, finer results are obtained. Especially, using superelliptic 
curves over a constant field, we show that there are (infinitely many twists of) curves of arbitrarily large 
genus over a function field with Mordell-Weil rank 0. Over a number field, examples of such curves are not 
known. In this section, we also introduce the application of our result to cubic twists of some elliptic curves. 

Let n ^ 2 be a positive integer, and let R be an integral domain of characteristic not dividing n, with field 
of fractions K. Let f(x) be a monic polynomial in R[x] such that n is coprime to deg(/), and f(x) has distinct 
roots. In this paper, a superelliptic curve is the projective A'-model of the affme plane curve y" = f(x). 

1.1. Let K be a field, and let £ be a prime number different from chaiK. Let C/K be the normalization of a 
superelliptic curve given by y = f(x) . For D £ K* , we denote by Cd/K the normalization of the curve given 
by y = D d f{x/D) where d := deg(/), and by Jd/K, the Jacobian variety of Co- The Jacobian variety Jo is 
called an l-th power twist of J. For the case of hyperelliptic curves (where I = 2), the plane curve Dy 2 = f(x) 
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is isomorphic to y 2 = D d f(x/D). We denote by rank Jd(K) the Mordell-Weil rank of Jd(K) if Jd(K) is a 
finitely generated (abelian) group. Let Q be a primitive ^-th root of unity, let F be K(Q), and let A := 1 — Q. 
Throughout the paper, we denote also by A the endomorphism 1 — Q on Jp defined in [Sch98 1, Sec 3, and 
by Se\^'(J,F) the X-Selmer group of Jp. 

In this work, we shall consider both the number field case and the function field case. We begin by 
introducing our results for number fields. Let k > 1 be a positive integer, and let us denote by ^(X) the set 
of all positive k-th power-free integers up to X. Given a polynomial f(x), let Ay denote the discriminant of 
f(x). Let F be the field of fractions of a Dedekind domain 6p, and let ^ be a set of prime ideals of iff p. A 
nonzero element D of Gp is supported by Q) if D6p is divisible only by prime ideals contained in Qs. 

THEOREM I4. 101 Let K denote the l-th cyclotomic field extension Q(Q) where i is a regular prime number. 
Let f(x) be a monic polynomial of prime degree p defined over Z such that f(x) is irreducible over K, and 
i ^ p. LetC/Q be the normalization of the superelliptic curvey e = f(x), and letJ/Q be the Jacobian variety 
ofC. 

Let Do be a positive integer. Let N := dim f t Sel^ (Jd ,K), and let M be the number of prime ide- 
als of €?k dividing £AfDo- Then there is a set 3! of prime numbers with Dirichlet density at least (p — 
1)/ ^i N + M + ] -)p ] _ 1)/?!) such that whenever a positive integer D is supported by Q, 

dim F< Se|W(/ Do0)J fi:)=iV. 
Moreover, there is a positive constant e < 1 depending on C and Do such that 

# {D e &> t (X) : dim Ff Sel (A) (7 D ,^) »7,d (1 * e ■ 

This theorem is proved using Schaefer's description of the A-Selmer group [Sch98 1. The case of superelliptic 
curves y = x 2 — A is considered by Stoll in [Sto98 1, which in fact inspired our work (see Corollary 14. 13l on 
pfT5l). Schaefer's description is more complicated when I \ deg(/); see [PE97|. 

Finer results on the distribution of Selmer ranks of twists of the Jacobian variety of a curve have only 
been obtained in very special cases. Let T(X) be the set of nonzero square-free integers D such that \D\ < X. 
In [HB94], Heath-Brown studies the distribution of 2-Selmer ranks of quadratic twists of the elliptic curve 
E/Q given by y 2 = x 3 — x. For example, given a positive integer n, he computes explicitly 

lim G T<yX ^ ' dim F2 Se]{2) ( E DM =n,D = l mod 8} 
#{DG r(X) :D= 1 mod 8} ' 

In [Yu03], for infinitely many elliptic curves E/Q with a nontrivial rational 2-torsion point, Gang Yu com- 
putes an upper bound for a certain average of dim f 2 Se\^ 2 '(Eo,Q). Let K := Q^), and let E/Q be the 
elliptic curve given by y = x 3 — A where A is an integer. Let A be the endomorphism defined in ll.ll for 1 = 3. 
In [ChaJ, we computed an upper bound for a certain average of A -Selmer rank of Ep> over K where Ep> is a 
quadratic twist of E/Q. Given an integer n, computed also in [Cha ] is a lower bound for 

,. . r #{DeT(X):dim ¥3 Se\ W (E D ,K) ^2n, D=lmodl2A} 

lim mf ; : : . 

x^oo #{DG T(X) :D= 1 mod 12A} 

The results in [HB94|, [Yu03], and [Cha| have applications to the distribution of Mordell-Weil ranks of 
quadratic twists of elliptic curves considered in these papers. Using Theorem 14. 101 we obtain the following 
result on the distribution of Mordell-Weil ranks of ^-th power twists of the Jacobian variety of C. 

COROLLARY 14. 1 ll Assume the same hypotheses in Theorem \4.1C\ Then there is a positive constant e < 1 
such that 

# {D g & t (X) : rank7 D (Q) < N} > /jDo (1) 

{iogX) b 
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If a Jacobian variety J considered in Corollary 14. 11 1 has an t-th power twist with A-Selmer rank 0, then the 
corollary implies that there are infinitely many ^-th power twists with Mordell-Weil rank 0. 

THEOREM 15 .51 Let K denote the £-th cyclotomic field extension Q(Q) where £ is a regular prime number. 
Let f[x) be a monic polynomial defined over Z such that f(x) has a root in K, and £ \ deg(/). Let C/Q be 
the normalization of the superelliptic curve y = f(x). 

Given a positive integer n, there is a positive constant e < 1 depending on C and n such that 
#{D G & e (X) : dim ¥f Se\ w (J Dl K) > n} > c .„ * 

(log A) 

In particular, limsup D dim ^ Seh \jj),K) = oo. 

Recall that for D G Q* , Sel (2) (J D ,Q) =J D (Q) /2J D (Q)®UL(J D , Q) [2] where JR(J D , Q) is the Tate-Shafarevich 
group of Jd/Q- Suppose that £ = 2, and that f(x) is any polynomial of odd degree with a root in Q such that 
f{x) has distinct roots. Theorem 15.51 implies in particular that the 2-Selmer groups of quadratic twists of the 
hyperelliptic curve y 2 = f(x) can be arbitrarily large, and this result seems to be new. However, for some 
elliptic curves, more is known. For instance, it is proved in |Ata01 1 as a generalization of Lemmermeyer's 
work [Lem| that the 2-part of the Tate-Shafarevich groups of quadratic twists of the elliptic curves considered 
in the paper can be arbitrarily large. 

Consider a Fermat curve x e +y e = 1. It is in fact isomorphic to a superelliptic curve y £ = f(x) (where 
£\deg(f)), and using Theorem l5.5l we obtain the following result on Fermat twists. 

C OROLL ARY 15 . 7 1 Let K denote the £-th cyclotomic field extension Q(Q) where £ is an odd regular prime 
number. Let Fd/K be the Fermat curve given by x e +y = Dz l where D G Z is nonzero, and let Jac(Fr)) be 
the Jacobian variety of Fd/K. Let Q denote the automorphism of order £ on Fd given by x^ x,y ^ y, and 
Z^-zCe- LetX be the endomorphism 1 — [Q] on Jac(Frj) where [Q] denotes the automorphism on Jac(Fo) 
induced by the automorphism on Fd- Then 

lim sup dim f / Sel (A) (Jac( J F D ) K) = oo. 

D 

Let us further consider applications of Theorem 14. 101 Let C/Q be the normalization of a superelliptic 
curve of genus > 1, and Co, the twist of C as defined in ll.ll for some D 6 Q*. We apply Silverman's result 
| Sil93), p. 234, that if A" is a number field, then the number of ^-rational points on a twist Co of C/K is 
bounded in terms of a constant y depending on C, and in terms of the Mordell-Weil rank of the Jacobian 
variety Jd, namely, 

#C D {K) <yT ankMK) . (2) 

COROLLARY 1.2. Let C be the normalization of a superelliptic curve considered in Theorem \4.1(A Let 
N := dim p f Sel ^ (Jd , K) for a nonzero positive integer Dq. If the genus ofCis> 1 , then there are positive 
constants e < 1 , and y depending on C and Dq such that 

# {D G 0> t (X) : # C D (Q) < yl N ] » jr^- 

(log A ) fc 

Proof. The proof is left to the reader. □ 

For the case of hyperelliptic curves C, using [Sto|, Theorem 1, we obtain a sharper upper bound on the 
number of rational points on quadratic twists of C/K. 

Corollary 14. 121 Let C/Q be the normalization of a hyperelliptic curve y 2 = f(x) where f(x) G Z[jc] is 
monic and irreducible over Q, and has odd prime degree p ^ 5. Suppose that there is a positive integer Dq 
such thatN := dim p 2 Sel^ (//)„, Q) < {p — \)/2. Then there is a positive constant e < 1 depending on C and 



3 



Sungkon Chang 



Do such that 

#{D£^ 2 (X):#C Z) (Q)^2jV+l}» * (3) 

(logX) 6 

J. Silverman asked (see [OC98|, p. 653.) whether given an elliptic curve E/Q, there are infinitely many 
prime numbers p for which either E p or E- p has Mordell-Weil rank zero. We can show: 

Corollary 1.3. Let E/Q bean elliptic curve without Q-rational 2-torsion points. If dim F2 Sel^(£,Q) = 
0, then there is a set & of prime numbers with positive Dirichlet density such that rankE p (Q) = for all 
p 6 *3>. In particular, there are infinitely many prime numbers p such thatrankE p (Q) = 0. 

Proof. The proof is left to the reader. □ 

In IIOC98I . Corollary 3, Ono and Skinner proved that the question of Silverman has a positive answer for 
all elliptic curves with conductor ^ 100. Theorem 14. 101 and Corollary II .31 in particular imply that there are 
infinitely many elliptic curves over Q for which the question of Silverman has a positive answer: Let E/Q 
be the elliptic curve y 2 = x 3 — 2. Then, dim f 2 Sel^(£,Q) = and, by Theorem 14.101 there are infinitely 
many quadratic twists Ed with dim f 2 Sel^ (Ed,Q) = 0. Now, Corollary 1 1 . 3l implies a positive answer to the 
question of Silverman for these elliptic curves Ed- 

Little is known about the distribution of quadratic twists of an elliptic curve with Mordell-Weil rank 1 . 
Vatsal's result [ Vat98 1 is unconditional: He proved that for the elliptic curve E = Xo(19), 

#{\D\ < X : rank£ D (Q) = 1} > X. 

Assuming the Riemann Hypothesis, Iwaniek and Sarnak proved in [IP00] that #{|D| < X : 
rank£ , £)(Q) = 1} ^>e X for all elliptic curves E/Q. We prove here: 

Corollary 1.4. Assume the finiteness of the Tate-Shafarevich groups of all elliptic curves over Q. Let 
E/Q be an elliptic curve without Q-rational 2-torsion points such that dim $ 2 Se\( 2 ' (Ed ,Q) = 1 for some 
positive integer Dq. Then there is a positive constant e < 1 such that 

# {D G & 2 (X) ■ rank£z)(Q) = 1, W(E D ,Q)[2] = {0}} \, e - (4) 

Proof. Let E be an elliptic curve with dim p 2 = 1. The finiteness of the Tate-Shafarevich group 

m(£,Q) of E/Q implies that the Cassels-Tate pairing m(£,Q) x m(£,Q) -> Q/Z is a non-degenerate alter- 
nating bilinear pairing. By this pairing, dim p 2 M(is , Q) [2] ^ 1 implies rankis (Q) = 1 and dim f 2 M(is , Q) [2] = 
0. Then © follows immediately from Theorem l4.10l □ 

Very little is known about the distribution of Mordell-Weil ranks of cubic twists of an elliptic curve. Let 
E/Q be the elliptic curve given by x 3 +y 3 = 1. In [Lie94|, Lieman showed that given an integer c and a prime 
number p, there are infinitely many cubic twists Ed : x 3 +y 3 = D such that D = c mod p and rankiso(Q) = 0. 
We show here 

Corollary 14. 131 Let E/Q be an elliptic curve given by y 2 = x 3 — A where A is a positive square-free 
integer such that A = 1 or 25 mod 36 and dim p 3 Cl(Q(v— A))[3] = 0. For a non-zero cube-free integer D, 
let Ed be the cubic twist: y 2 =x 3 —AD 2 . Then there is a positive integer e < 1 such that 

#{D£ 0» 3 (X) : rank£ Z) (Q) = 0} » (5) 

{iogX)t 

A function field of one variable over an arbitrary field k is a field extension K of k with transcendence 
degree 1 such that K is finitely generated over k, and k is algebraically closed in K. A function field of one 
variable with a rational divisor Voo is a function field K of one variable over a finite field k with a non- 
archimedean absolute value v^ on K/k of degree 1. Such function fields correspond to smooth complete 
curves 2? over k with a ^-rational point /?„ corresponding to the absolute value v x . For this type of function 
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fields, we choose Gk '■ = { Cf E K : | a | v >l},asa ring of integers in K, i.e. , Gk is the ring of regular functions 
on the open subset ^\{poo}. In Corollary 14.201 and Theorem 15.61 we prove function field analogues of 
Theorem HTTu1 andl531 

1.5. Let £ be a prime number, and let k be a finite field containing a primitive l-t\\ root of unity. Hence, 
char& 7^ I. Let K be a function field of one variable with a rational divisor Voo, and let 3f/k be a smooth 
complete curve with function field K. Let C /K, Cd/K, J /K, and Jd/K be as defined in the case of number 
fields. 

Over a number field K, given any positive integer go, it does not seem to be known how to produce a 
(superelliptic) curve C/K of genus g(C) > go such that there are infinitely many twists with (X-) Selmer 
rank 0, or such that the Selmer rank for C/K is 0. We use Theorem 14. 221 below to show that a function field 
analogue of this problem can be solved even for (infinitely many) function fields K with arbitrarily large 
genus g(K/k). 

THEOREM 14.221 Assume the hypotheses in \1.5\ Suppose that f(x) is defined over the constant field k, irre- 
ducible over the finite field k, and has prime degree p. Let k' he the field extension of k of degree p / char/:. 
Let L := K (g) Id , and let Gl be the integral closure of Gk in L. 

LetA/k be the Jacobian variety of the normalization of the superelliptic curve y l = f(x) defined over the 
constant field k, soA K = J. If#C\(G L ) ^ mod I, then dim ¥( Se\^(J,K) = 0. Moreover, there is a set Si 
of prime ideals of Gk with Dirichlet density (p — \)/p such that whenever D is a nonzero element of Gk 
supported by £F, 

dim Ff Sel (;i) (/D,^) =0, and # C D {K) ^# A(k). 

The hypothesis in Theorem 14.221 is often satisfied. Let A' be a function field of one variable with a 
rational divisor Voo, and let ^ jk be the smooth curve with function field K. Then, by Proposition 14.241 
#Cl(^s:) = #Pic°(^). Let L:= K®k' for a finite extension k' of k, and let G L be the integral closure 
of G K in L. Then #Cl(G L ) = #Pic°(^,). Therefore, for all but finitely many prime numbers I, we have 
#C1(i^l) = #Pic°(J^/) ^ mod I. Thus, we find examples of superelliptic curves of arbitrarily large genus 
which satisfy the conditions in Theorem l4.22l 

For the curves C considered in Theorem l4.22l there are infinitely many D's such that #Cd(K) is bounded. 
In [Sch90|, Schoen considered hyperelliptic curves defined over certain geometric fields, and showed that 
for these curves, the number of rational points of their quadratic twists can be arbitrarily large. 

We conclude this introduction by providing the reader with a road map for Schaefer's description for 
the A-Selmer group, and for the proof of Theorem 14. 101 Recall that in this case, f(x) is irreducible over 
K := Q(Q). Let L be a field isomorphic to K[x]/(f). Using Schaefer's method, we have the first two rows of 
the commutative diagram ©. 

Recall from ll.ll that a twist Jd/K is the Jacobian variety of Cd/K for some D E Gk\{0}, and the curve 
Cd is given by y = /d(x) := D p f(x/D). Since L = K[x}/ (/d), as in the case ofJ/K, we can construct a map 



J(K)/XJ(K) - 

j, 

J{K V )/XJ{K V ) - 
J D (K V )/XJ D (K V ) 
J D {K)/XJ D {K) ■ 



- Y\ l [K,J{X])$j 

| res,, 

^H l (K v ,J[X}) 
\id D 

-^(KvMX]) 

jres v 

H l (K,J D [X])s D 




(6) 
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B D : H 1 (K,J D [X]) — ► L*/(L*y. When we consider the A-Selmer groups of both J and 7 D , we establish that 
the first two rows and the last two rows of © are commutative. It is noteworthy that the targets of 6 and d D 
are both L* / (L*) e , and it can be understood as a consequence of the fact that the two group schemes J[X] are 
Jd[X] are isomorphic to each other. 

Two key points we shall prove in Section |3] are the following: First, if D is an £-th power in K v for v, 
then there is a map J^ D : J(K V ) — > Jd{K v ) such that the diagram © commutes (see Proposition I3.5t . It is 
clear that there is an isomorphism: J(K V ) — ► Jd(K v ), but it is not so obvious, unless one knows the horizontal 
maps, that it commutes with the identiy map on L* / (L*) e . Secondly, if D is divisible only by prime ideals p 
of Gk such that pGi is prime, then ker^F/ = ker^Fo in the diagram © (see Theorem l4.3t . These two results 
immediately imply that d D (Se\ W (J Dl K)) C 0(Sel W (J,K)) (see the proof of Theorem l4~T0l . By posing 
more conditions on D, we can prove dim jp f Se\^\jo,K) = din^, SeK >(J,K). To exhibit the existence of 
(enough) such D's, we use the Cebotarev density theorem and the general reciprocity laws. 

Notation 

1.6. A global field is either a number field or a function field of one variable over a finite field k. Let K be a 
global field. We denote by Mk the set of all places of K. Suppose that K is a function field of one variable 
over a finite field k. We choose a finite set of places of K, which will be denoted by M^, and consider the 
Dedekind domain 

R := {a G K* : \a\ v < 1, for all v£M K \M%}. 
We shall denote M K \M% by M\. 

In this paper, by a global field, we shall mean a number field with Gk, the integral closure of Z, or a 
function field of one variable over a finite field k with the Dedekind domain Gk determined by a choice of 
M%. For both cases, Gk is called the ring of integers of K. Throughout the paper, if L is a finite separable 
extension of K, let Gl denote the integral closure of Gk in L. When A" is a function field of one variable, our 
choice of M% determines Gk and, hence, Gl and M^. For a function field K of one variable with a rational 
divisor Vco we choose := {voo}. 

1.7. Throughout the paper, given a field K, let K denote the algebraic closure of K, and ^sep, the (algebraic) 
separable closure of K. Let K be a global field. We denote by Gk the absolute Galois group Ga\(K se p/K). 
For each q G Mk, let denote the completion of K at q. We fix the algebraic closures K and K q , and fix an 
embedding jc q : K sep ^ ^ q , sep . 

In this paper, a variety J over an arbitrary field K is a separated scheme of finite type over K such that J-g 
is integral (that is, reduced and irreducible). Let J/K be a variety. For a field extension F of K, the F -points 
of J is the set J(F). We denote by J the variety J-g, and by 7 sep the variety /jt . 

2. Schaefer's description of the A-Selmer group 

In this section, we introduce Schaefer's method for computing Selmer groups. This method is introduced in 
ISch9 8 ] for number fields; however, his proofs carry over to the case of global fields. 

2.1. Let £ be a prime number, and let K be a global field of characteristic / £ such that K contains a 
primitive £-th root of unity Q. Let C/K denote the normalization of a superelliptic curve given by y e = f{x) 
with d := deg(/). Let J/Kbe the Jacobian variety of C. Let Q also denote the ^-automorphism on J defined 
in [Sch98|, Sec 3, and X := 1 — Q € End(7), which we also denote by [A]. Recall that f(x) has distinct 
roots, and let {z, G ^ sep : i = 1, .. . ,d} be the roots of f(x). Let P, := [(zj,0) - (°°)] G 7(^ S e P )- By ISch98l . 
Proposition 3.2, the set {Pi, . . . ,P/} generates the F^-vector space /[A](^r sep ) of dimension d— 1. We choose 
a Gjf-set X as small as possible such that X spans J[X] (K sep ): If /(x) does not have a ^-rational root, then we 
set d' := d, and if f(x) has a A'-rational root z^, then we set d' := d — 1. Then we define X := {Pi , . . . ,P^'}. 
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The ^ se p-algebra of all functions from X to ^ S e P is denoted by A x . As described in [Sch98 1, Sec 2, A x has 
G^-action, and the G^-invariants are denoted by A x . 

x 

2.2. From the Galois cohomology for the sequence — * J[X] {K^) — > J(K sep ) —> J(K^p) — > 0, we have the 
following injective map: 

8:J(K)/XJ{K) — >^(K,J[X}). (7) 

For each v G Mk, we denote by res v the map: H l (K,J[X\) -> H l (K v ,J[X]), and by 8 V the coboundary 
map: J(K V ) — > H 1 (K V ,J[X]) defined for K v . The X-Selmer group ofJ/K is 

Se\ W (J,K) :={£, G H l (K,J[X\) : res v (£) G ImS v , forallvGM*}. (8) 

By definition, the X-part of the Tate-Shafarevich group of J/K, denoted by JSl(J/K)[X], is canonically 
isomorphic to Sel^(/,Ar)/Im<5. Let S be a subset of Mk containing all archimedean places of K. The 
subgroup of H 1 ^,/^]) unramified outside the set S is denoted by by H 1 ^,/^])^. Then the following 
result is standard: Let S be a subset of Mk containing all archimedean places, the places above deg(A), and 
the places of bad reduction of J/K. Then, 

Se\ W (J,K) = {E, G H\K,J[X]) s :re& v {£) G ImS v for all v G S}. (9) 

Moreover, Se\ {x \j,K) is finite, and contains 8 (J (K) / XJ (K)) . 

Suppose that f(x) does not have a ^-rational root. Then dim jU£(A x ) = d since #X = d, and that 
dim Y r J[X](K sep ) = d — 1. By [Sch98|, Proposition 3.4, the following is a split short exact sequence of Gk- 
modules, which is due to the fact that l\d: 

— > J[X](K sep ) nt[A*) ^ — 

where w is the map defined in [Sch98 1, page 452. Since this exact sequence splits, the following natural map 
on the cohomology groups is injective: 

* : H l (K,J[X]) — > H\K,ii e (A*)). (10) 

Suppose that f(x) has a ^-rational root, say Zd- We choose X := {Pi,. . . ,-Pj-i} as in l2.ll Then it is clear 
that w : J[X] (K sep ) — > jj,f> (A x ) is an isomorphism of Gs:-modules since dim f { J[X] (K sep ) = dim F f jJ-i (A x ) = 
d — 1. Therefore, the following natural map is an isomorphism: 

w:H\K,J[X])^H l (K,ii ( {A*)). (11) 

2.3. Consider the Kummer sequence for A x with respect to the homomorphism a h> a f . By Hilbert The- 
orem 90, we have a natural isomorphism: <J> : H 1 (A x ) ) — > A x /(A x ) e and, hence, have an injective 
homomorphism 

®ow : H l (K,J[X]) — >A x /(A x ) e . (12) 

Let S be a subset of Mk containing M%, places above I, and places of bad reduction of J/K. If f(x) 
has a /^-rational root, then H l (K,J[X]) s =A X (S,£) where A X (S,£) is the subgroup of A x /(A x ) e defined in 
[Sch98], Sec 2. If f(x) does not have a ^-rational root, then, [Sch98 ], Proposition 3.4 gives us the following 
isomorphism: 

H l (K,J[X]) s ^ker (N Ax/K : A X (S,£) ->K(S,e)). 

2.4. For each v G Mk, we take the image of X in J[X](K v , sep ) to be a G^ -stable spanning subset, and denote 
it by X v . Then we have an induced map 

A x ^A Xv (13) 

obtained by pulling back the natural map X v — > X, and it is denoted by ic v *. Moreover, we have the maps 8 V , 
w v , and <E> V as in the case of K. 
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Let S be a set of the places containing M%, the places above I, and the places of bad reduction of J/K. 
For each v G M^, the following diagram is commutative: 

J(K)/XJ{K) 5 - *H\K,J[X]) S — »A x (S,t) 



J(K V )/XJ(K V ) H\K V ,J[X}) *"° >? " > A* Xv /(AlY . 

Suppose that f(x) does not have a A'-rational root. Then 

Se\ w (J,K) = {ae A X (S,£) : N Ax/K (a) = 1, k*,(a) G Im<£ v o w v o <5 V for all v G S}. 
Suppose that f(x) has a /f-rational root. Then, we have a simpler description: 

Se\ w (J,K) ^{ct£A x (S,£) : k*,(a) G Im<J\, o w v o 8 V for all v G 5}. 

Let <1> and VP be the maps defined in d 1 2b . Let 8 be the coboundary map defined in @. Then, we have an 
injective homomorphism 

<t>owo8 :J{K)/XJ{K) — >A X /(A X ) £ , (14) 
and there is a useful description of this map which given below. 

Write ^Tsep(Csep) as the field of fractions of K sep [x,y]/(y — f(x)). Then x — Zi is an element of this 
function field, which we will denote by fp(x,y); 

fPi(x,y) :=x-Zi- (15) 

Note that fp can be thought as a function on divisors of C. If E is a divisor in Div(C) avoiding the set X 
(see ISch98l . page 450), then we denote by f.(E) the function: X -> K* given by P i-> / P (£) for all Pel. 
Let F := {Pi , . . . ,Pd}- If £ is a divisor in Div(C) avoiding Y, then, as long as there is no confusion, we also 
denote by f,{E) the extended function: Y —> K given by P ^ fp(E) for all P G Y. If E := £(/?) is a divisor in 
Div(C) avoiding X such that K(R) /K is separable, then f,(E) G A^, and if E is a divisor in Div(C) avoiding 
Y such that K(R)/K is separable, then /.(£) G A y *. 

2.5. Let us define a group homomorphism Pic (C) — > A x /(A x ) e as follows: It is well-known that for each 
[D] G Pic°(C), we can choose a divisor E = £(/?) avoiding any given finite set of C such that K{R)/K is 
separable and [E] = [D] . Then we define a group homomorphism given by 

[D]^class(/.(£))GA!/(A*/, (16) 

and denote it by 8. 

The following corollary follows from [Sch98 1, Theorem 2.3 and Proposition 3.3. The proposition essen- 
tially shows that [(<»)] = [D] for some divisor D avoiding Y such that f,{D) G (A y * ) . 

Lemma 2.6. Let 8 be the map defined in \2.5\ for X . Then <I>o w o 5 = 5. 

Suppose that f(x) has a K-rational root id, so we choose X := {Pi, . . . ,Pd-i} C J{K sep ). If E is a 
nonzero divisor in Div°(C) such that E = (Q) — (deg x -(<2))(°°) for some Q avoiding X, and such that 
K(Q)/K is separable, then [E] is mapped to class (f,(Q)) £A x /(A x ) f under 8. In particular, [(zrf,0) — (°°)] i— > 
class(/.fe,0)) GA|/(A1/. 

Proof. The proof is left to the reader. □ 

3. Two Key Propositions 

Let us recall the diagram In this section, we prove the commutativity of this diagram in a slightly more 
general context. Let I be a prime number, and let K be a global field of characteristic ^ I, containing a 
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primitive £-th root Q of unity. Let C/K be the normalization of a superelliptic curve given by y = f(x), and 
letrf:=deg(/). 

3.1. For each q G Mk, we fix an embedding fc q : K — > K q . Let X and X q for each q G M/f be the Gjf-stable 
spanning sets of J[X](K sep ) and J[X](K q , sep ), respectively, defined in 12. II and 12.41 For each q G M K , let ff q 
and k* be the maps defined in Section|2j 

K q :X — >X q , k*:A x — >A Xq . 

Let /> for i = 1, . . . , d' be the points in X. Note that f(x) = (x-zi) ■ ■ ■ {x-Zd), and for D G K*, D d f(x/D) = 
(x—Z\D)---(x- ZdD). For D G K* and q G M^, we define 

X D := {[(z/D,0) - (oo)] g 7z)(^ S ep) : i = 1,. .. ,«*'}; 

X q D := { [( ?c q (zj D) , 0) - (oo)] g sep ) : i = 1 , . . . , d'}; 

P°:=[(ziD,0)-(°°))eJ D {K &ep ), 

and let <1> D , <J>^, w D , w°, <5 q , and Si 3 be the maps for the twist Jo as in Section|2] Then we have the following 
sequences of injective maps: 

J D (K)/XJ D {K) S ° > H 1 ^,/^]) ^ H 1 ^^)) *° * A* D /(A* P )^; (17) 

J D (K q )/XJ D (K q ) H\K q ,J D [M) ^ H 1 ^,,^^)) -^-^A^,/(A* f )<. 

Let Z(7) := {7] G X : i = 1, . . . , s} be a set of representatives of G/f -orbits in X, and Z(Jr>) '■= {Pf G 
X D : Pj G Z(/)} which is said to be compatible with Z(J). Let L, be the subfield of K sep , generated by 7} for 
i = 1, . . . , s. Since the action of Gk is made through the divisors representing the points in X, the subfield 
K{pP) of K sep is K(zj), and Z(Jd) is a set of representatives of G^-orbits in X D . For q G Mk, let Z(7, q) be 
a set of representatives of G^ -orbits such that Z(J) C Z(J, q). Then, we choose Z(7o,q) compatible with 
Z(7, q); hence, Z(7o) CZ(7 D ,q). 

3.2. Note that if a G A x d, then the evaluation of a at pP G Z(/q) is contained in K{zj) = Li for some i, 
i.e., a^ ) G L,. For D G K* and q G Afg-, let *^z(7 D ) and ^z^.q) be the evaluation maps of A* D /(A xD ) e and 
A^/ (A^o)^ at Z(7o) and Z(7d, q), respectively, and define 

V:=V z{ j D) (A* xD /(A* xD y)= n 7T(P)7(7:(P)*/ = nL;/(L;) f ; 

P€Z(/ D ) « =1 

^ q :=^ z(7o!q) (A* D /(A* D )0= J! WVTO*)'- 

" PeZ(7,q) 

Since we choose Z(7/), q) compatible with Z(J, q), the group ^ is defined not depending on D as c € . 

Recall the maps in (flTt . For each D G K* , we denote by and D the injective maps ^z{j) ° < J > ° w an d 
*^z(7 D ) ° ^ ° w°> respectively. For each D G K* and q G M^, we denote, respectively, by 6 q and 6® the 
injective maps 

o$,ow, : H 1 ^^ q ; (18) 

^z(y D , q )°<°<: HH^/dIA]) ^^ q . (19) 

Remark 3.3. It is noteworthy to observe that the targets of the following maps are defined depending only 
on C/K: 

6 D : Y\ X (K,J D [X\) — e q D : H 1 (K q ,7 D [A]) — > ff q . 
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Let S be a subset of Mk containing M%, the places above £, and the places of bad reduction of J/K and 
Jd/K. If f(x) does not have a ^-rational root, then 

e D (u\KMM)s) =^(u^l,/k - UMsj) ^ K(s,e)) = e^iKji^s). 

If f(x) has a ^-rational root, then 

d D {H\K,J D [^)s)=ir i= iLi(S,£) = e{H l (K,J[X]) s ). 

Recall the diagram @ from the introduction. In a slightly more general context, we constructed above 
all the horizontal maps in ©. Proposition !3.4l below is one of the key propositions which will establish the 
commutativity of the diagram formed by the restriction maps in the second and the third columns of ©. The 
proof is left to the reader. 

Proposition 3.4. For each q G Mk, there is a natural map — » ^ such that the following diagram com- 
mutes for all D G K* : 



H l (K,J D [X]) 



H l (K q ,J D [W 



' A x D > ( A x D 



a* iii* \t z ™- q > 



Proposition 13 . 5 I belo w completes the proof of the commutativity of the diagram ©. 

Proposition 3.5. Let q be a place in M K . For all nonzero elements D of K such that D G (K*) e , there is 
an isomorphism : J(K q ) — > Jo(Kq) such that the following is a commutative diagram: 



J D (K q )/U D (K q ) 
J(K q )/XJ(K q ) - 



■ % 



(20) 



id 



■ % 



In particular, Im q 8 q = Im d q 8 q for all nonzero D G O k and q G M K such that D G (K*) 



Proof. Let D be a nonzero element of &g such that D G (K*y . Then, we have an isomorphism {Cu)K q —> Qr q 
given by (x,y) ^ (x/D,y /\fD^), and this isomorphism induces an isomorphism : J{K q ) — > Jo(Kq) by 
pulling back on the divisors. 

Recall Z{J D ,q) = {P D := [(zD,0) - (°°)] : [(z,0) - (°°)] g Z(/,q)}. Let £ := be a divisor in 

Div'^C^ , sep ) avoiding X such that K(Rj) /K are separable, and write Rj = (xj,yj). Then, 

f.{m(E)){P D ) =H(f pD (xjD,yj<^)y j =H(xjD-zD) n J 

j j 

= D^Yl{x j -z) n >=Y{{x j -zy>; 

j j 

Me) (p) = n [M*j,y/)) ni = 11 (*;-^- 

This proves the commutativity of the diagram d20b . □ 
Remark 3.6. The diagram in Proposition l3.5l can be put into the following diagram: 



J D (K q )/U D (K q ) 
J(K q )/XJ(K q 



■H\K q ,J[X})- 



■ % 



q 



id 



Z(J D .q) 



■ © n 
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where and id^ are isomorphisms induced from the natural isomorphism: J[X] — ► To [A]. 

All the vertical maps in the above diagram, except the first one, exist whether or not D is an l-th power 
in K q , and the entire diagram commutes when D G {K*) e . 

3.7. Recall the maps d D and 6^ for q G Mk and D G Gk defined in 13.21 Let S be a subset of Mk containing 
Af£, the places above I, and the places of bad reduction of Jd/K. Then, Se\^'(Jj),K) is described as a 
subgroup of ^ as follows: 

G D (Se\ w (J D ,K)) = {a G e^H 1 [A]) s ) : res q (a) G Im0 q D 5 q D for all q G S}. 

4. The Jacobian Varieties Without A -torsion Points 

In this section, we prove Theorem 14 . 1 01 and its analogue for a function field. Let I be a prime number, and 
let K be a a global field of characteristic / £, containing a primitive £-th root of unity Q. Let C/K" be the 
normalization of a superelliptic curve y = f(x). Let Ay be the discriminant of f(x) where f(x) is irreducible 
over K with prime degree p. Let J/Kbe the Jacobian variety of C. We keep all the notation and definitions 
introduced in Section |3] 

4. 1. Let Sj denote the subset of Mk containing Mg, the places dividing £Af. For each nonzero element D of 
&k, let So denote the set 5/ U {p G M K : p | D&k]- Then, the sets Sj and So contain the set of places of bad 
reduction of J/K and Jd/K, respectively. 

4.2. Recall that X := {Pi, . . . ,P^} is the subset of /[A] (K sep ). Since X forms one orbit, Z(7) contains a single 
point, and we choose Z(J) := {Pi} as a representative. Let L denote the finite separable field extension 
Li := K(I\) of degree p. Then ^ := L*/(L*) e as defined inl3~2l 

THEOREM 4.3. Let D be a nonzero element of &k, and suppose that D&k is supported by the set of prime 
ideals q of Gk such that either q &l is prime in &l or q&L = p p for some prime ideal pof6^. Then, ker (A^ j k '■ 
L(Sj,e)^K(Sj,£)) =ker(N L/K :L(S D ,£) -» K(S D ,£)) . Hence, d(H l (K,J[X]) Sj ) = d D (H l (K,J D [^))s D ) as subgroups ofL 

Proof. Since Sj C So, it is clear that 

ker (N L/K : L(Sj,£) -> K(Sj,£)) C ker (A^ : L(S D ,£) -> . 

Let a be a nonzero element of ^ such that <x@l = ab ( where a is an ideal supported by So and such 
that Nl/k((x) = j5 e for some /3 G &k. Let q be a prime ideal of &k dividing D&k such that q^ is p or 
p p for some prime ideal p of G^. Let n := ord p (a^), and let m be the residue degree of p with respect to 
q. Since m =£. mod I, and there is only one prime ideal of &l lying over q, it follows that ordq(jS^^jc) = 
ord q (N L / K (oc0L)) = nm. On the other hand, ord q (j8 f ^g-) = mod £ and, hence, w = mod I. Therefore, 
ord p (a<^) = mod t for all p dividing D&l, and a&L = a'(b') e for some ideal a' supported by Sj , i.e., 
class(a) eL(Sj,£). □ 

The Legendre symbol is used throughout Sections |4] and |5] Definitions and results on Legendre symbols 
required for our main results are introduced and proved in Section |6] In 16. II we extend the definition of the 
symbol for prime ideals dividing 16 'k and archimedean places, so that given a G 6k and p G Mk, (j^j =1 
implies a e(K*) e . 

4.1 The case of number fields 

For Lemma POl Proposition 14.61 and Lemma 14771 we assume a slightly more general context: Let K/Q be 
the £-th cyclotomic field extension of Q where t is a regular prime number. Let L be a field extension of K 
such that p := [L : K] is a prime number not equal to I. 
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4.4. Let W be a finite subset of ^\{0}. We denote by &w the set of prime numbers q G Z not dividing £ 
which satisfy the following properties: for all prime ideals q of &g dividing q, 

i) The ideal q^f, is prime; 

ii) For all a G W, a ^ mod q0 L , and (j^j = 1. 

Lemma 4.5. Let q be a prime ideal of &k not dividing Wk such that q&i is prime. If a G ^ is such that 

(A), = '•<<- (?)« = >■ 

Proof. Let ^ be the residue field and /c be the residue field &jc/q. For z G let z denote the 

residue class in k^. Since = L let j3 G ^ such that f5 e = a mod q<^, i.e., j8 = a in The degree 

of the extension k(fi)/k is either 1 or £ since k contains a primitive £-th root of unity. Since £ / p, &(/3) = 



Thu 4U =1 - D 

PROPOSITION 4.6. Let W be a finite subset of 0" L \{O}, and let & w be the set of prime numbers defined in \4.4\ 
Then S>w contains a set of prime numbers in 7L with positive Dirichlet density at least (p — \)/ (£( #w ^p [ {£ — 
l)p\). 

Proof. Let M be the Galois closure of L{^fa : a G W) over Q. Let M' be the Galois closure of L over 
Q. Then m := [M' : L] se mod p since / is defined over Z, and deg/ =: p is a prime number. Note that 
M = M'{y/xa : a G W and X G Gal(Q/Q)). Since £ f G ^, and ^ is a prime number, [M : M'] is a power of £ 
and, hence, [M : M'] = £ n for some non-negative integer n. 

It follows that [Af : K] = pm£ n . Let G denote the group Gal(M/Q). Then Gal(M/K) is a subgroup of G, 
and the group G contains an automorphism X of order p acting trivially on K. Moreover, the subgroup (x)ofG 
is stable under conjugation since Gal(M/K) is normal in G. Therefore, the subset H :={x :k = l,...,p — 1} 
is stable under conjugation in G. 

Let Ql be the set of all prime numbers q such that q is unramified in M and its Frobenius automorphisms 
are contained in H. Then, since [M : Q] divides (£— 1) • p\ ■ £( #w )p\ by the Cebotarev Density Theorem, 3> 
has positive Dirichlet density at least (p — 1)/ (£( #w )p [ {£ — 1 )/?!). Since W is a finite set, the following set of 
prime ideals has Dirichlet density equal to the Dirichlet density of <3l: 

{q G S> : a ^ mod q for all prime ideals q | qffi and for all a G W}. 

Thus, let us assume that @ is the above set. 

Let ^Gf, and let be a prime ideal of &m lying over q. Let 0l := H and q := n &k- Let us 
show that q€?i is a prime ideal. Let f(q/q), /(0z,/q), and /(£}/£Jl) denote the residue degrees. Then 

p=|Frob(£2/ ? )|=/(0/^)=/(£2/0 L )/(0z./q)/(q/?). (21) 

Since T = Frob(0/<?) G Ga^M/^), and X/Q is Galois, Frob(q/g) = res^ (t) = 1. Hence, 1 = |Frob(q/g)| = 
f(q/q). Thus, p = /(0/0 L )/(0 L /q). Since M/L is Galois, /(0/0 L ) divides mf ee mod p and, hence, 
/(0/0Z,) ^ mod Therefore, /(0/0^) = 1 and /(0^/q) = In other words, the prime ideal q remains 
prime in G L . Moreover, /(0/0 L ) = 1 implies that ^W/0 = <^l/0l and, hence, -y/a for all a G W are 
defined in 6 L jH L . In other words, since L = qtff L , 1 = ( ^gr J for all a G W. Therefore, q G ^y. □ 



Recall that £ is a regular prime number. The following lemma is the key place in our work where the 
additional hypothesis of £ being regular is needed. 

Lemma 4.7. Let W be a finite subset of <^l\{0} containing Q and X := 1 — Q. Let %w be the set of prime 
numbers defined in \4.4\ Let q be a place of K. If q is a prime ideal of &k, then we choose a q G Gk such that 
q m = CCq^K where m is the order of q in Cl(^g-), and if q = X&k, then we choose a q := A. 
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If q is an infinite place ofK, or if q is a prime ideal of &k such thata q G W, then ^1=1 for all positive 
integers D supported by 

Proof. Suppose that q is a prime ideal of ffg not dividing Wk, and q m = OL^Gk where oc q G ffx an d m is 
the order of q in Cl(^)- Then, since £ is regular, m ^ mod £. Let q be a prime number dividing D, and 
suppose that a q G W. Let q6^ be decomposed into nl=i P" where p y - are prime ideals coprime to £ and n is 



an integer. Since q G f^w> it follows that y^^j = 1 and, hence, by Lemma l4~5l y^rj = 1- Then 

f),-0fe)rfi(S" 

Since W contains Q and A, it follows that = 1. If £ = 2, then K = Q, and it follows that ^ 



i) 



2 



= 1. By Lemma PI (^xfc) = Since 1 1 and a q ^ mod Pj for a11 J = 1, by Corollary 



Since m ^ mod ^, we proved that = 1 for all prime numbers g dividing D. 



Let q := A^-. Then (^x^J = 1 for all q \ D was already shown above. Since D > 0, it is clear that 
= l for all infinite places v G M/f. □ 

Let us return to the context of our superelliptic curves. Recall from 14.21 the point Pi £ X and the field 
L:= K(P\). For all D G K* , we have the following injective maps: 

Se\^(J D ,K) C H l (K,J D [Ws D ^L*/(L*) e . 

THEOREM 4.8. LetK := Q(£g) where ^ is a regular prime number. Let f(x) be a monic polynomial of prime 
degree p defined over Z such that f(x) is irreducible over K, and £ ^ p. Let C/Q be the normalization of 
the superelliptic curve y l = f(x). Let N := dim f, Se\^ \j,K), and M, the number of prime ideals of &k 
dividing £Af. Then there is a set £F of prime numbers with Dirichlet density at least (p — 1)/ ^( n + m + 1 )p- (g _ 
l)p\) such that whenever a positive integer D is supported by 9(Se|( >(J,K)) = d D (Se\^(JD,K)). In 
particular, dim ¥( Se\ w (J,K) =dim F( ,Sel w (J D ,K). 

Proof. Recall fromEHlthe map d : h\ l (K,J[X]) -^L*/(L*) e . Let Wj be a subset of G L generating 0(Sel (A) (J,K)). 
For each prime ideal q of coprime to £, let us fix an element a q of &g such that a q &k = q m where m is 
the order of q in Cl(^). For q := X&k, we choose a q := A. 
Recall Sj from (14. II) . and let 

Yj := {£} U Wj U {(X q G e K : q G S 7 n<}. 

Let ^y, be the set of prime numbers defined in 14.41 for W = Yj. Then, by Proposition 14.61 f% contains a 
set ^ of prime numbers with Dirichlet density at least (p — 1)/ (£( 1 ^+ M + 1 )P' '■(£ — 1)/?!) . Since £ is regular, by 
Lemma l4~71 if D is a positive integer supported by & and q G 5/, then 



1. (22) 



Let D be a positive integer supported by Let us show that D (Sel w C d(Se\^(J,K)). Let a 

be an element of d D {Se\ w {J D ,K)). Bvl3~71 

0(Se|W(/,£)) = {a G e(H 1 (^,7[A]) 5j ) : res q (a) G Im0 q <5 q for all q G S/}; 

D (Se|( A )(/ D ,^)) = {a G D (H 1 («:,7 D [A]) Sj3 ) : res q (a) G lmd°8° for all q G S D }. 
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By Theorem 14. 31 we have 

6 D (H l (KJ D [M)s D ) =6(H l (K,J[X]) Sj ); (24) 
hence, a is contained in ^(H 1 (K,J[X])sj)- Let q be a place in Sj, and recall the set So from (I4.lt . Then 
q is contained in So- By Lemma 16171 d22l implies that D G (K*) . By Proposition 13.51 it follows that 
Im0 q <5 q = lm6®8® and, hence, a is contained in Im0 q <5 q since a G 6 D (Se\ ( - '(Jd,K)) and q G So- Thus, 
ae 6(Se\W(J,K)). 

Let us show that 6(Se\ W (J,K)) C d D (Se\ W (J D ,K)). Let a be an element of 0(Sel W (J,K)). By (EU, 
a is contained in d D (H l (K,J D [X])s D ). If q is a place in Sj, then by (122 1 . D G C^q)^ and by Proposition 
1331 Im0 q 5 q = Ime^Sq 9 . Thus, a G Im0 q D <5 q D for all q G Sj. Let q be a prime ideal in S D \Sj. Since D 

is supported by £F, the prime ideal q is contained in £F and, hence, (j^j = 1 for all j3 G VV/. Since Wy 
generates 0(Sel (;i) (/,#)), it follows that f^-) a = 1, i.e., a G (L^ where <p := q^ L . Recall that res q 



I 

is a map: L*/(L*Y — > ^ := ripez(7,q)^q(^)V(^q(^)*)^- Since is prime, /(jc) is irreducible over £ q 
and, hence, Z(/,q) contains a single point P. Thus, ^ = LL/(Lm) I . Thus, res q (a) = 1 and, in particular, 
res q (a) G Imf^c)^. We established that res q (a) G Imf^cJq 9 for all q G So- Therefore, a is contained in 
6 D (Se\^\jD,K)). Since 6 and D are injective maps, the dimensions of the two selmer groups are equal to 
each other. □ 

Recall that &t(X) is the set of positive ^-th power free integers up to X. The following lemma is easily 
deduced from [Ser76], Theorem 2.4, and the proof is left to the reader: 

Lemma 4.9. Let & be a set of prime numbers in Z with positive Dirichlet density < 1. Let ^f (&,X) 
denote the set of all positive integers up to X, which are l-th power-free and supported by <2>. Let 3?i>{3)) := 
L)£ =1 ^(^,X). Then there are positive constants c and e < 1 depending on such that# <-?e(@ ,X) ~ 

n x v , £ asX —* oo. 

Let Do be a positive l-th power free integer. Then there is a positive constant e < 1 depending on Q such 
that 

#{D D G & t (X) : D G » X 

(IogAJ t 

Theorem 4.10. Let K, f(x), and C/Q be as in Theorem IT8l Let D be a positive integer. Let N := 
dim ¥f Se\ w (J Do ,K), and let M be the number of prime ideals of &k dividing £AfDo. Then there is a set 
S 1 of prime numbers with Dirichlet density at least (p — 1)/ (^+ii+\)p\^ — l)p\) such that whenever a 
positive integer D is supported by @, 

dim ¥t Se\ ( V{J DoD ,K)=N. (25) 
Moreover, there is a positive constant e < 1 such that 

# {D G &> t (X) ■ Se\^(J D ,K) =N} » /iA) * (26) 

[log A) 

Proof. Recall that Jd q is the Jacobian variety of the normalization of y = (Dq) p /(x/Dq). Let g := {Dq) p /(x/Dq). 
Then A g = A/Dq for some positive integer b and, hence, the number of prime ideals of 0g dividing £A g is 
equal to M. Since (Jd )d = Jd q d, by applying Theorem l4.8l to Jo , d25t is proved. The proof of d26b follows 
immediately from Lemma l4~9l □ 

COROLLARY 4.11. Assume the same hypotheses in Theorem \4.10l Then there is a positive constant e < 1 
such that 

#{D€& t (X): rank/ D (Q) ^ N} » /i)o * (27) 

(logAJ t 
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Proof. Note Sel w (J D ,K) ^ J D (K) /XJ D (K)®M(J D ,K) [A]. Then, by [Sch98 ], Corollary 3.7 and Proposition 
3.8, Sel (A) (J D ,K) ^ rank7z)(Q). Hence, @2J follows. □ 

Corollary 4.12. Let C/Q be the normalization of a hyperelliptic curve y 2 = f(x) where f(x) G Z[jc] is 
monic and irreducible over Q and has odd prime degree p ^ 5. Suppose that there is a positive integer D 
such thatAf := dim f 2 Se\^ 2 \jD ,Q) <{p — \)/2. Then there is a positive constant e < 1 depending on C and 
Dq such that 

# {D G & 2 (X) : # C D (Q) < 2W + 1} » * 

(iOg A j fc 

Proof. Let i be f/je hyperelliptic involution on Co- In [ Sto ] , Theorem 1.1, Stoll proved that if D is coprime to a 
fixed finite set T of prime numbers determined by C and Do, then any set S C Q>(Q) such that #5 ^ (p—l)/2 
and Sn l (5) = generates a subgroup of rank #5 in /q(Q). 
By Theorem l4.10l 

# {D G ^ 2 (X) : dim F2 Sel (2) (/ D ,Q) =iV} > A 



(logX) e ' 

We count the D's supported by a set ^ of prime numbers with positive Dirichlet density in order to find such 
a lower bound. Since T is finite, we may assume that Ql does not intersect T. Let D be a positive integer not 
supported by T such that dim ^ Se\^ 2 ' (Jd,Q) = AT. Then, by Stall's theorem, Thus, Cd(Q) can not contain 
a subset S such that #S > N and SH i(S) = 0; otherwise, rank/o(Q) > N. Since Cd(Q) does not contain a 
point fixed under the involution, except °°, we conclude #Q)(Q) ^ 2N + 1. □ 

Corollary 4.13. Let E/Q be an elliptic curve given by y 2 = x 3 — A where A is a positive square-free 
integer such that A = 1 or 25 mod 36 and dim p 3 Cl(Q(v /_ A) ) [3] = 0. For a non-zero cube-free integer D, 
let Ed be the cubic twist: y 2 = x 3 — AD 2 . Then there is a positive integer e < 1 such that 

#{D G &s(X) : rank£ D (Q) = 0} » X 

{logX) e 

Proof. By [Sto98 1, Corollary 2.1, dim Fa Se\ w (E,K) = where X = 1 - £ 3 and K = Q(£ 3 ). As A is square- 
free and coprime to 3, the polynomial y 2 +AD 2 is irreducible over K. The result follows immediately from 
Theorem lOfl with £ = 3. □ 

4.2 The case of function fields 

In this section, we shall prove two results for function fields that are analogous to Theorem 14. 101 For Lemma 
14.151 Proposition ^. 161 and Lemma l4.18l let us assume a slightly more general context: Let k be a finite field 
containing a primitive £-th root of unity Q; hence, char k / 1. Let K/k be a function field of one variable with 
a rational divisor such that Cl(^-)[^] ^ mod £ defined in II .61 Let L be a field extension of K such that 
p := [L: K}is a. prime number not equal to I. 

4.14. Let W be a finite subset of ^\{0}. We denote by %w the set of prime ideals q of ffg which satisfy 
the following properties: 

i) The ideal q^ is prime; 

ii) for all a G W, a ^ mod q^ L , and f-gr) = 1. 



L 



Lemma 4.15. Let q be a prime ideal of G K such that c\0" L is prime. If a G G K such that (j^-j = 1, then 

(?).-'■ 

Proof. The proof is similar to that of Lemma l4*31 □ 
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Proposition 4.16. Let W be a finite subset of 6 L \{0}. Then 9 W contains a set of prime ideals of 6 K with 
positive Dirichlet density at least (p — 1)/ (£( #w > p -pl) . 

Proof. The proof is similar to that of Proposition 14. 61 □ 

Recall that K/k is a function field of one variable with a rational divisor v^, and let 6^, SDToo, and be 
the discrete valuation ring, the maximal ideal, and a uniformizer at Voo, respectively. 

4. 17. Let K Vx be the completion of K at v^. Let us define 

'l Hg£(K:J 

-l if g$(K* v y 

Note that each non-constant element g of 6k is not an element of the valuation ring 6^, i.e., ord Voo (g) < 0. 
The leading coefficient of a nonzero element g of 6k is the constant a G k* such that n™g = a mod 7Too for 
some m£Z. The element g is monk if the leading coefficient is 1. 77ze degree of an element g of 6k, denoted 
by deg(g), is — ordoo(g). Let g be an element of 6k with the leading coefficient a G k*. Then g G (^tj if 
and only if a G and deg(g) is divisible by £ 

Lemma 4.18. Let W be a finite subset of 6[\{0} containing — 1 G £, and iet £Fw be the set of prime ideals 
of 6 K defined in \4.14\ Let q be a prime ideal of 6 K , and a q , an element of 6 K such that a q 6 K = q m where 
m is the order of q in C\(6k). If oc q G W, and D is a nonzero monic element in 6k, supported by 9w such 
that deg(D) = mod I, then 

D\ ,D\ L 

Proof. Suppose that a q G W, and let D be a nonzero monic element in 6k, supported by %w such that 
deg(Z)) = mod £. Then, (£) = 1- Following the proof of Lemmal4~71 we find = 1. Since — 1 G W, 

it follows that ft) t = 1. By LemmaEH 1 = (%) t = It follows that 1 = ) g = where 

m ^ mod t. Therefore, (S?) =1. □ 

Theorem 4.19. Assume that # Cl(^g-) ^ mod I. Let fix) be a monic polynomial of prime degree p 
defined over 6k such that fix) is irreducible overK, and i^p. LetC/K be the normalization of the superel- 
liptic curve y { = fix). LetN := dim ^ Se\^(J,K), and letM be the number of prime ideals of 6k dividing 
lAf. Then there is a set 9 of prime ideals with Dirichlet density at least (p — 1)/ (£( N+M+1 ) pl p\) such that 
whenever D is a monic element of 6k supported by 9 such that deg(D) is divisible by I, 

d(Se\ w (J,K)) = d D (Se\ w (J D ,K)). 

Proof. Recall Sj from 14.1 1 For each prime ideal q of (7%, choose a monic element a q of 6k such that 
a q 6 K = q'" where m is the order of q in Cl(6 K ). Let Wj be the subset of 6 L generating 0(Se|( A) (/,#)). Let 

Yj := {-1} U Wj U {(X q G 6 K : q G Sjf~)M K }, 

and let S>Yj be the set of prime ideals defined in l4.14l for W = Yj. Then, by Proposition 14. 161 contains a 
set of prime ideals 9 with Dirichlet density at least (p - 1) / '(£(N+M+i) P \ p \y The proof of q (SeA\j,K)) = 

d D (Sel W (J D ,K)) is identical with that of Theorem l4~10l when Lemma l4~18l is applied to W = Yj. □ 

COROLLARY 4.20. Assume the same hypotheses as in Theorem \4.19\ Let Do be a nonzero element of 6k- 
Let N := dim f t SeT >(Jd ,K), and M, the number of prime ideals of 6k dividing £A/Do . Then there is a 
set 9 of prime ideals of 6k with Dirichlet density at least (p—\)/ (£( a '+ m + 1 )p ! ^!) such that whenever D is 
a monic element of 6k supported by 3> such that deg(D) is divisible by i, 

dim F ,Se|W (J DqD ,K)=N. 
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Proof. The proof is similar to that of Theorem l4.10l □ 

4.21. Given a set S> of prime ideals of 0k, there are indeed infinitely many classes in K* / (K*f represented 
by D £ 0k supported by @ and deg(D) = mod £. Let {pi, - • • ,p„} be a finite set of prime ideals of 0k 
contained in for n ^ 2. Let = dp^K for some ce P/ G 0k where m; is the order of p,- in Cl(^). Then, 
since CI(0l) ^ mod £ and deg(a Pii ) = ord Pii (a Pn ), there is a positive integer s such that D := n"=i % 
has degree divisible by £. 

THEOREM 4.22. Assume the same hypotheses as in Theorem H. 19\ Suppose that f(x) is defined overk. Let 
k! be the finite extension of k of degree p := deg(/). Let L := K<S>kf, and 0l, the integral closure of K in L. 
Suppose that dim F< Cl(0 L ) [i] = 0. Then dim ¥( Sel (A) (J,K) = 0. 

Let E/k be the constant Jacobian variety of the normalization of the superelliptic curve y = f(x) over 
k. Then there is a set S> of prime ideals of 0k with Dirichlet density (p— l)/p such that whenever D is an 
element of 0k supported by 3), 

dim Ff Sel (;i) (7z),^) =0 and # C D {K) E(k). 
Proof. Note that L/K is Galois. Recall Sj from dO . Then Sj = M%, and r\ l {K,J[X]) m = ker (N L/K : 
L(M^,£) K(Mg,£)). Note that #Se\ W (J,K) ^#r] 1 (K,J[X]) M ~ =# ker (N L/K : L(Mg,£) -> K(M%,t)). 
Since the subgroup C\{0 L ) [£] is trivial, by Lemma l4~23l below. H 1 (K,J[X])m% = 1 and, hence, Sel w (J,K) = 
0. 

Let @ be the set of prime ideals q of 0k such that c\0l is prime. Since Ga\(L/K) has order p, by the 
Cebotarev Density Theorem, Q) has Dirichlet density {p — \)/p. Let D be an element of 0k supported by S>. 
Then, bv Theorem l4~3l d D (r\ l (K,J d [X]) Sd ) = d(H l (K,J[X]) Sj ) = 1 and, hence, dim ¥t Se\ W {J D ,K) =0. 

By |Sch98|, Corollary 3.7, rmkJ D (K) < {£ - l)dim Ff Se\ W (J D ,K) = 0. Suppose that D is not a unit 
in 0k, and let F := K(\/D). Then k is algebraically closed in F, and F C ^T S ep since £ ^ charK. Since 
(Cd)f — Cp as F-schemes, by Proposition 14. 25 1 below. # JoiK)^ ^ # E(k). Since Jd(K) = Jd(K)j t, and 
C D (K) ^ J D {K), it follows that # C D (K) < # J D (K) Toi < # £(£). □ 

Lemma 4.23. (Suppose that consists of a single place of degree 1.) Let L := K®k' where k' is a finite 
(separable) extension ofk of degree d coprime to £, and suppose that CI(0l)[£] is trivial. Then ker (N L / K '■ 
L(M K J) -K[M K .I)) 1. 

Proof. Since the extension L/K is obtained from base change, still consists of a single place of degree 1, 
and L is a function of field of one variable over k' . With S = M~, L(M%,£) = 01/{0[Y since C1(0 L )[£] = 1. 
It follows from Proposition l4.24l below that 0* L = (k 1 )* . Hence, 

ker (N L/K : L(M^,£) — - ker (N*/* : — » **/(**)') • ( 2 §) 

Let a be a positive integer such that <ia = 1 mod £. Note that there is a section u : k* /(&*) — > k / */(kf*f to 
the norm map N# u in d28l . given by class(a) ^ class(a a ). Hence, the norm map N# ^ is surjective. Since 
k* and (k')* are both cyclic groups of order divisible by £, it follows that Njyfc is an isomorphism of the 
Frvector spaces. Therefore, the kernel is trivial. □ 

Proposition 4.24. Letk' be a finite held. Let3f/k' be a smooth complete curve with function field F such 
that 3f has a rational divisor Voo. Then there is a k' -morphism: 3f — ► ¥ l k , such that Voo is totally ramihed over 
a rational divisor in PL. 

Let 0p be the ring of integers defined in \l.(A with choice ofMp := {voo}. Then the group of units F is 
(k'Y , and #C\(0p) = # Pic (3f). Hence, the class number of 0p does not depend on the choice of a rational 
divisor on F. 

Proof. Using the Riemann-Roch theorem, we can find a function g in kf(3f) with poles supported only by 
Voo. Then the function g induces a morphism 3? — ► P£, such that Voo is totally ramified over a rational point 
«gP[. To finish the proof, use ILor96L Sec VIII, p. 299-300. □ 
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PROPOSITION 4.25. Let k be a perfect field, and let K be a field extension of k such that k is algebraically 
closed in K. LetE/k be a smooth complete geometrically connected curve with a k-rational point. 

LetC' /K be a twist ofEx/K, and suppose that there is a field extension F of K such that k is algebraically 
closed in F and such that C' F = Ep (as F -schemes). LetJ/k be the Jacobian variety ofE/k, and let Jc /K be 
the Jacobian variety of C'/K. Then Jc'(K)tot ^ J(k)- 

Proof. Note that J{k) Jm = J(K) Tm = /(* sep ) Tor . Then, J c (K) Tot C Jc(F) Joi * J F {F) Tor /(F) Tor = J(k). 

□ 



5. The Jacobian Varieties With A -Torsion Points 

In this section we prove Theorem l5.5l and its analogue for a function field, introduced in Sectionffl Let £ be a 
prime number, and let K := Q(Q) for which we assume £ is regular, or a function field of one variable with 
a rational divisor v<x, such that #Cl(^jr) mod I. Let fix), C/K, Cd/K, J/K, and Jd/K be as in Section 
|3] and we keep the notation used in that section. Let Ay be the discriminant of /. Recall zi, ■ ■ ■ ,Zd G K sep , the 
roots of f(x), and suppose that z.d is contained in K. Recall that Z(J) := {Zi , . . . , T s } is a set of representatives 
of G^-orbits in X, and L, ■ := K(Tj) for i = 1 , . . . , s. Let L be the compositum of L\ , . . . , L s in A'sep. 

5.1. Let us fix a set of generators of 6(Se\( ' (J,K)), and note that each generator is an s-tuple with entries 
in L. Let Wj be the union of all entries of the generators. Then Wj is a subset of L* . For each prime ideal q of 
0k, choose an element ot q of as in the proof of Theorem l4.8l or Theorem 14 .191 depending on the cases of 
K. Recall Sj :=M^U{q : q | £A f ff K }, and let 

Yj:={Q,-l}U WjU{a q e0 K :qeSjnA4}. 

When K = let M be the Galois closure of L{$~a : a G Yj) over Q. When K is a function field, let M 

be the Galois closure of L{y/~a : 05 € Yj) over K. 

If K = Q(Q), let us denote by & Y the set of prime numbers q in Z such that q splits completely in (J M 
and coprime to a for all a G Yj. If K is a function field, let us denote by ^ the set of prime ideals q of &k 
such that q splits completely in @m and coprime to a for all a G Fy. By the Cebotarev Density Theorem with 
H being the trivial subgroup of Gal(M/Q) or G&\{M/K), depending on both cases of K, the set of prime 
ideals of Z or &x that split completely in M has positive Dirichlet density. Since there are finitely many 
prime ideals q of Z or ffg that are not coprime to a for some a G Yj, & Yj has positive Dirichlet density. 

Recall from l4.17l the definition of ^ when K is a function field, and that # C\(@ K ) ^ mod t. 
Lemma 5.2. Suppose that K = Q(Q) . If D is a positive integer supported by 3? Y , and q is a place in Sj, then 

(?),"'■ 

Suppose that K is a function field. Let D be a monic element of ffg, of degree divisible by I supported 
by % y If q is a place in Sj, then = 1. 

Proof. The proof is identical with those of Lemma |4~71 and l4~T8l □ 

Proposition 5.3. Suppose that K = Q(Q). Let D be a positive £-th power free integer in Z which is 
supported by S>' Yj . Then 

dim F( Sel (A) (7z),^) >dim F/ Sel (A) (7,/:). (29) 

Suppose that K is a function field. Let D be a monic element of ffx \{0} of degree divisible by £ such 
that D&k is not an £-th power of an ideal and D is supported by *3f Y . Then 

dim Ff Sel (A) (7z),^) > dim F( Sel w (/,/<:). (30) 
Forboth cases of^,limsup D dim Ff Sel^ '(Jd,K) =°°. 
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Proof. Let D be a positive £-th power free integer in Z which is supported by Q' Y] or a monic element D of 
G K of degree divisible by I supported by 9 Yj . Let S D := U {q G M£ : q | D^}. Then, 

e(H 1 (^/[A]) Sy ) = nL,-(^,£), D (H 1 ( J S:,7 D [A])5 D ) = nL,(5z ) ,£). 

(=i i=i 

Bvl3~71 

0(Sel w (/,£)) = {a G 0(H 1 (^,7[A]) 5j ) : res q (a) G Ime q <5 q for all q G Sj}; 
d D (Se\ w (J D ,K)) = {a G ^(H 1 ^,./^])^) :res q (a) G Ime q D 5 q D for all q G S D }. 

Let us show that 6(Se\ w {J,K)) C d D (Se\ w (J D , K)). Let a be an element of 0(Sel (A) (J,K)). Then 
a G rii=i^(5/^). Since Sj is contained in 5 D , we have a G D (H 1 (^,/ D [A])5 O ) = II;=iMW)- If q is 
a place in Sy, then by Lemma IB~2l D is an £-th power in K q . By Proposition 13.51 Imd^d® = lmd q 8 q and, 
hence, a G Imd^S®. Let q be a prime ideal in Sd\Sj. Then q | D and, hence, q G 3? Y] . Suppose that a is 
represented by (/3i , . . . , j8 s ) for some j8; G ^l. Then, since Yj contains Wj defined in 15.11 and all -y/A are 
defined over ^ q , it follows res q (a) = 1 G ^ q and, in particular, res q (a) G lmd^d®. Therefore, by ( fflV a is 
contained in d D (Se\ w (J D ,K)). 

Note that e(Sel (A) {J,K)) C fTLi L i{Sj,£). Lemmal5~4lbelow shows that there is an element a of D (Sel W (/ D 
which is contained in Y\ s i=l Li(S D ,£)\X\ s i=l Li(Sj ,£). Therefore, a G" 0(Sel (A) (J,K)), and we proved that 
dim ¥f Se\ w (J D ,K) > dim V( Sel (A) (J,K). 

If A" is a function field, then as illustrated in 14.2 II there is a monic element D of Or of degree divisible 
by £ such that D&g is not an £-th power of an ideal and D is supported by @ Y ■ . Using induction, one can 
easily show that limsup D dim ¥( Se\^(Jo, K) = oo. □ 

Recall that if := [(z d D,0) - (oo)] is a point in 7 D [A](^ se p) but Pj 5 X D . 

Lemma 5.4. Let D be an £-tn power free positive integer supported by & Y , or a monic element of &k 
supported by @' Y such that D&k is not an t-th power of an ideal. Consider the map 

d D 8 D : J D (K)/XJ D (K) — ► <€ := f\L*/(L*) £ . 

i=i 

Then the K-rational point Pj 5 G / D [A] (JsT) is mapped to rjL,( W) \ ULi(Sj,£) under 6 D 8 D . 

Proof. Since D is supported by @ Y > ^ * s coprime to Ay and to all prime ideals q G S/. Recall that PP := 
[(z ; D,0) - (oo)] for i = 1, . . . ,d. Since P f f := [(z rf D,0) - (oo)] is a point in /£,(£), by Lemmal2~6l 

d D (8 D (Pf)) = (f P o( Zd D,0) : P G Z(7)) = (z d D-Dx(P) : P G Z(7)) 

= (D(i(P (/ )-i(P)):PGZ(;)). (32) 

Note that for all P G Z{J), the difference x{P d ) — x(P) divides Ay and hence, it is coprime to D. Since D0 K 
is not an l-th power of an ideal, it follows that D (x(Pd) —x(Tj)) G Li(So,£) \Lj(Sj,£) for all i = 1, . . . ,s. □ 

Theorem 5.5. Suppose that K = Q(Q). Given a positive integer n, there is a positive constant e < 1 
depending on C and n such that 

#{D€& e (X): dim ¥( Se\^(J D ,K) > n} » X (33) 

(iogA) fc 

Proof. By Proposition 15 .31 there is a positive £-th power-free rational integer Do such that 

dim w e Se\( '(Jd ,K) > n. Proposition 15 . 31 applied to / = J Do and Lemma PT^l together imply d3*3l . □ 
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Theorem 5.6. Suppose that K is a function field. Given a positive integer n, there are D G G K and a set 
of prime ideals Q of &g with positive Dirichlet density such that whenever D is a monic element of Gk of 
degree divisible by £ such that D0 K is not an l-th power of an ideal and D is supported by 3), 

dimF l Se|W(/ flb fl,Z)>B. (34) 

Proof. Bv l4.21l and Proposition there is Do such that dim f, Sel^-* (^z>o '-^) > n - Then, by Proposition |^] 
applied to Jrj Q , we prove the result. □ 

Corollary 5.7. Let K = Q(Q) where I is an odd regular prime number. Let F D /K be the Fermat curve 
given by xr +yr = Dz t where D G Z is nonzero, and let Jac(Frj)/K be the Jacobian variety of Fjj/K. Let Q 
denote the automorphism of order I on Fd given by x\—> x, y \—> y, and z*—>-zQ- Let X be the endomorphism 
1 — [Q] on Jac(Fo) where [Q] denotes the automorphism on Jac(F#) induced by the automorphism on Frj. 
Then limsup D dim F< Sel (;L) (Jac(Fz)),^) =°°. 

Proof. Let Co be the curve given by the homogeneous equation 

Dz"= T J-Uy*(\\uf- x -^ a l- x (35) 



k=0 v 2 */ 

where a and b are integers such that a > and (£— l)a + £b = 1. Then we have the isomorphism Fd — ► Co 
given by 

(x : y : z) h-> (x + y : (2£) a (x-y) : 2 l - b £~ b z). 

Dehomogenized with respect to x, the equation (I35t is written Dz^ = f{y) for some monic polynomial 
fly) of degree I — 1, defined over Z. Note that the ^-rational points (Q : — Q : 0) in F D for 1 < s ^ i are 
mapped to the ^-rational points 

1 : (2£) fl • §^ : 0^ € C D for 1< £ 

Qi-Qi J 

Thus, /(y) has {£ — 1) ^-rational roots, and Corollary 15 .7l follows from Theorem l5.5l □ 



6. The General Reciprocity Laws 

The general reciprocity law is used in this paper to show the existence of infinitely many prime numbers or 
ideals satisfying a set of conditions under which we are able to control the size of the Selmer groups. We 
recall it below. 

Let K be a number field or a function field of one variable with a rational divisor Voo such that K contains 
a primitive n-th root of unity. Let p be a place in M^. For a non-archimedean place p, we have the Hilbert 
norm residue symbol which is nondegenerate, and bilinear: 




The norm residue symbol extends for an archimedean place v of K in an obvious way. 

Let F be a global field. Let p be a prime ideal of ffp, and a G Gp such that p,affp, and nGp are pairwise 
coprime. We define 

f-\ ■- Q for some j such that Q = a ((#^/p)-i)/« mod p 

V P / n 

Note that = 1 if and only if x n — a has a root mod p, (provided that a ^ mod p). 
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If j8 G ffp is coprime to n and a, we extend the power residue symbol as follows: let fiffp = pj 1 • • -pf 
be the prime ideal decomposition. 

6.1. Let £ be a prime number. Let K be a number field containing Q. For an archimedean place v G M%, and 
for a prime ideal p of which divides I&k, we extend the symbol as follows only for convenience: Let 
e := ord p (£^), and let m be the smallest integer which is (strictly) greater than e£/(£ — 1). 



«) , 

v / 1 



P~A 



1 if — a = is solvable over iT v , 
— 1 if xr — a = is not solvable over K v , 
if a = 

1 if a = a e mod p m for some a ^ mod p, 
— 1 if a ^ a e mod p m for all a ^ mod p 
if a = mod p 

Theorem 6.2. (The General Reciprocity Law) Let K be a number field or a function field of one 
variable with a rational divisor v^. Suppose that K contains a primitive n-th root of unity where 2 is a 
positive integer coprime to charK. 

Let a and j3 be non-zero elements of &k coprime to each other and to n. Then 

2l\ /T\ _1 = tt/^£ 

where S m := {v e M K : v \ n or v e M^}. 

Proof. See INeu99l . Theorem 8.3. d.415. or ITatl. p. 352 □ 

Lemma 6.3 . Let I be a prime number. Let qbea rational prime coprime to £, and let K be the l-th cyclotomic 
extension of Q. Let A := 1 — Q. Letp be a prime ideal of lying over q. Suppose that £ is odd. If = 1, 

then q = a £ mod £ 2 for some u£Z, and (j^) = 1 ■ 

-l 



Suppose that 1 = 2, i.e., K = Q.Ifq is an odd prime such that (-^-) = (i) = L then (^jj f = 1. 



Proof. Suppose that £ is odd, and ( ^ ) = 1. By definition, 



1 = ( — ] = (S q ^ where m is the residue degree of p over q. 
VP / 1 

Hence, (q m -l)/£ = mod £, i.e., q m = 1 mod £ 2 . Note that K/Q being Galois implies that m\(£-\) 
and, hence, (m,£) = 1. Then there are integers a and b such that am + b£ = l.lt follows that q = q am+bli = 
(q h ) e mod £ 2 . By definition, 

( T~L~" ) = 1 if and only if q = / mod A m for some 7 G G K . 
\AukJz 

Since = X l ~ l t? K , we have 4 = (q b Y mod A 2 ^ 1 )^. Hence, if £ ^ 3, then 2(£ — 1) > ^ + 1 and, 
hence/^-V = 1. 



Suppose that £ = 2. Then <Q? = — 1. By the supplementary quadratic reciprocity laws, 1 = f-^- 

(_l)(?-l)/2 and l _ ^ _ (_!)(<? 2 -l)/8 and> hencC) ^ = 1 mod 4> and ^2 = 1 mod 16 j t follows that 

q = 1 mod 8. If g = 1 mod 8, then i^-^g) t = 1- □ 
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Corollary 6.4. If a is a positive rational integer coprime to £ such that ( j^- ) = 1, then 



a\ _ fa 
a) i V a 



for all a £ G K coprime to a£. 



Proof. Since yj^J = L by definition, it implies that a G {KQ and, hence, the Hilbert residue symbol 
{2£) t = 1. If I = 2, then there is an infinite place v for which K v ^ M. Since a E (R*) 2 , = 1. If £ ^ 3, 

then the Hilbert residue symbol is trivial at all infinite places. Therefore, fTq|£'°o (~f^) = ^ anc ^' hence, the 
assertion follows from Theorem 16. 21 □ 

Let k be a finite field of characteristic q, and let Kj k be a function field of one variable with a rational 
divisor Voo (with M% = {voo}). Let 7i„ be a uniformizer of the discrete valuation ring Go, of K at Voo, and let 
ordoo := ord Voo . Recall that a nonzero element a G ^ is monic (with respect to 71^) if 7T™a = 1 mod Ttoo for 
some integer m £ Z. 

Theorem 6.5. (The general reciprocity law for function fields) Letq be a prime number, 
and let n be a positive integer not divisible by q. Let k be a finite field with q r elements such that k contains 
a primitive n-th root of unity. LetK/k be a function field of one variable with a rational divisor v^. 

If g and h are monic distinct elements of Gk such that g is coprime to h, then 



(€j (t^j -l = (_ 1 )(('? r -l)/»)ord4g)ord4/ 1 )^ 



a iP\ _ ( i 1 \ordJa)ovd oa (B) P 016 ^ 



Proof. Let K Voo be the completion of K at v„. Let G„:={a £ K Voc : \a\ v ^ < 1}, and Wl^ ;= {a £ G^ : \ &\ Voa < 

1}. Since deg(voo) = 1, let us define ft) : Gt, — > k* by a h-> a such that a = a mod STL,. By INeu99l . Chapter 
V, Sec 3, Proposition 3.4, for nonzero elements a and j8 in 

(? r -i)/« 

.l)orM«)ord^)H__] . (36) 

Let 71^ £ X"* be a uniformizer of ^T Voo . Let g and /j be monic distinct elements of G K coprime to each other. 
Then, by Theorem l6.2l 

^zTj _ = ft>((-i) ord - te) ) ( ' ? ' _1)/ " = (_i)° rd -fe) (/-!)/». 

Since g and /j are monic, there are t? and b in ^ such that a = b=\ mod 9JL,, g = a7t™ d °°^ g \ and /i = 
bn™ dc °^ h \ It follows from Hensel's lemma that a and ft are contained in (K*^)". Then, by Theorem 16. 21 

-) (-) 

^ hJ n \gj „ 



U\ / tt tt \ or(L,(g) ordo.(ft) 



By 63, 



7I °°) 7r °° ) _ / l)/n 



□ 
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Lemma 6.6. If g is a monic element of G K such that (-j- ) = 1, then for all monic elements h of G K 
coprime to g, 

'h 



hJ n 

Proof. The condition: I — ) =1 implies that ordoo(g) • (q r — l)/« = mod 2 and, hence, 

ordco(/j) ordoo(g) • (q r — l)/n = mod 2. By Theorem l6.51 we proved the lemma. □ 



Lemma 6.7. Let a be an element of G K , and let p e M K . Then y~J = 1 implies that a G {K*f. 

Proof. The only non-trivial case is that p | L Suppose that p is a prime ideal of Gg such that p | £ and 

f =1. Let m be an integer > elj (i — 1) where e := ordp(£^:). Then a = a e mod p m for some a€ 
implies that a£ (K*) e . □ 
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